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The basics

The conformal group in d (total) dimensions is:

D Dilations
50(d,2) — Minkowskian P, | Translations
50(d +1,1) — Euclidean Ku SCTs
M. Rotations
States in a CFT are in one-to-one correspondence with local
operators OH1Fe(x).

[D, (9(“)(0)} = iAOW(0)

[MW/\/IW, 0(M>(0)} = U0+ d —2)0W(0)

Primary operators have spin ¢ and scaling dimension A.
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Correlation functions

For scalar primaries, build functions of |x;| = |x; — x;|.
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Correlation functions

For scalar primaries, build functions of |x;| = |x; — x;|.

1

\X12\2A

(p(x1)¢(x2))
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Correlation functions

For scalar primaries, build functions of |x;| = |x; — x;|.

(G(a)o(x)) = ‘Xl‘A

A123
<¢1(X1)¢2(X2)¢3(X3)> - |X12|A1+A2*A3 |X23|A2+A3’A1 ’X13‘A1+A37A2
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Correlation functions

For scalar primaries, build functions of |x;| = |x; — x;|.
(B()0()) .
x1)o(x)) = ——~
PR
A123
(91(x1)d2(x2)d3(x3)) = Ix12 |12 85 x5 | B2t A5 = A1y 5 [A1 8347
Four or more is a problem: u = baaPlesal® g = Paslhasl® oo
CU T IxaslPlxeal? = Ix3Plxeal?

conformally invariant.
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Correlation functions

For scalar primaries, build functions of |x;| = |x; — x;|.
(6(00)6(x2) 1
x1)p(x)) = —x
x12[28
A123
(91(x1)d2(x2)d3(x3)) = Ix12 | 1823 x5 [BaFBa= B [y 5 [Ar+ A5 = A
- oy = xaelPlxal? — xaPlxes

Four or more is a problem: u = ﬁ and v = ﬁ are

conformally invariant.

(#1(x1)P2(x2)P3(x3)Pa(xa))
_ (!XM>A (im!)A“ G(u,v)
|X14] |x13] |[X12| A1 A2 xgq| A3 TB4

Can G(u, v) be anything?
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Operator product expansion

A convergent series:

01(x)é2(x2) = D A20 Gy (312, 02) 0¥ (x2)
(@]
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Operator product expansion

A convergent series:

$10x0)P2(x2) = Y _ M20Clu) (x12,32) O (x2)
O

Tuning the spectrum will tune the correlation functions.

Other Stuff
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Operator product expansion

A convergent series:

$10x1)0202) = > A120 Gy (x12, 2) 0¥ (x2)
O

Tuning the spectrum will tune the correlation functions. Use the
fact that 1 <+ 3 switches v and v. For identical scalars:

(6i(x1)0i(x2)0i(x3)Bi(xa)) = G(u,v)|x1a| 2| x34] >4
(i(x3)0i(x2)di(x1)Bi(xa)) = G(v, u)|xas| >2/[xaa| 722
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Operator product expansion

A convergent series:

$10x0)P2(x2) = Y _ M20Clu) (x12,32) O (x2)
O

Tuning the spectrum will tune the correlation functions. Use the
fact that 1 <+ 3 switches v and v. For identical scalars:

(0i(x1)di(x2)$i(x3)¢i(xa)) = G(u,v)|xia| 22 |xaq| >4
(0i(x3)di(x2)di(x1)di(xa)) = G(v,u)|xa3| 22 |x1a| 24
This yields crossing symmetry:

v

G(u,v) = (7) - G(v,u)

u
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Conformal blocks

Four point function OPE: G(u,v) =14+ » A 120 340Go(u, v)
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Conformal blocks

Four point function OPE: G(u,v) =1+ ;O )\12(9/\3;;@ Go(u,v)
Crossing symmetry (identical): 1= 25" "Go(v.u)=v'iGo(u.y)

vAi—uyBi
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Conformal blocks

Four point function OPE: G(u,v) =1+ ;O )\12(9/\3;;@ Go(u,v)
Crossing symmetry (identical): 1= 25" "Go(v.u)=v'iGo(u.y)

vAi—uyBi

’ G@(U, V) — G(A({g(u, ’2 A12, A34) ‘

Fix Aj =1, ¢ € {0,2,4} and plot a few of these [Rattazzi,
Rychkov, Tonni, Vichi, 08]:

Faal (d=11=0) Faa) (d=1]=2) Faal (d=1]=4)
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[e]e]e]e] }

The conformal bootstrap

fo(d)

[#]

1.10 1.12

1.08

1.00 1.02 1.04 1.06
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2L
100 1.02 1.04 106 1.08 1.10 1.12

Non-perturbative, theory-independent bound for CFT data
[Rattazzi, Rychkov, Tonni, Vichi, 08]!
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Hypergeometric functions

Definitions as in [Dolan, Osborn, 00]:

A =
Ay =

(A +70)
(A1)

1
a—= —§A12
1
b - §A34

u= Xz

v=(1-x)(1-2)

Other Stuff
000
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Hypergeometric functions

Definitions as in [Dolan, Osborn, 00]:

M=2(A+0)]a=-IAp u=xz
=2(A—0)| b=3A3 |v=_>1-x)(1-2)
Ind=2:

1
Go(x,z) = Ex’\lz/\22F1()\1 +a, A1 + b; 2)1; %)
2Fi(A2+a, Ao+ b;2X2;2) + (x > 2)
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Hypergeometric functions

Definitions as in [Dolan, Osborn, 00]:
M=2(A+0)]a=-IAp u=xz
=2(A—0)| b=3A3 |v=_>1-x)(1-2)

Ind=2:
1
Go(x,z) = Ex’\lz)QzFl()\l +a, A1 + b; 2)1; %)
2F1()\2 + a, A2 + b; 2\y; Z) + (X — Z)
Ind =4
1 1 A+10
Go(x, z) XMz, F1 (A1 + a, M1 + b; 2A1; x)

Al—X+1lx—2z
oFi(Ma—14a, 0 — 1+ b;2X —2;2) — (x < 2)]
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The Casimir differential equation

Eigenvalue of O(x2) under G, is:

2Ny =—A(A—d)— £l +d—2)
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The Casimir differential equation
Eigenvalue of O(x2) under G, is:
—2N\g = —-A(A —d) -l +d—2)
Lift to (d + 1) + 1-dimensional embedding space to handle all
terms in the ¢1(X1)¢2(X2) OPE:
1 1 2 2
@ = 3 (Las + Las)

. .9 9
L Pi—— — P
AB AaP,B BaPI,4
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The Casimir differential equation
Eigenvalue of O(x2) under G, is:
—2N\g = —-A(A —d) -l +d—2)
Lift to (d + 1) + 1-dimensional embedding space to handle all
terms in the ¢1(x1)¢2(x2) OPE:

1 2

G = 5 (Li\B + LE\B)

. o 9
Ly = Phoor — P
oPg 0P},

Demand the right eigenvalue for

G <\X24\> <\X14\>A34 Go(u,v)
|x14] |x13] |x12 !A1+A2 \X34\A3+A4
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The Casimir differential equation

The result is DyGo = Ay G where

Ng = )\1()\1 — 1) + )\2()\2 +1-— d)

Dy = x*(1— )6—2—(3+b) 29 _ + (x ¢ 2)

dJ X X8X2 xax X + (x <> z
Xz 0 0
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The Casimir differential equation

The result is DyGo = Ay G where

Ng = )\1()\1—1)+)\2()\2+1—d)

0? 0
N YN 20
Dy = x°(1 X)8x2 (a+ b)x e abx + (x ¢ z)
Xz 0 0
+(d — 2)X — (1 —x)—ax —(1- z)—az

Solution found in d = 6 as well. Method generalizes to any even
dimension [Dolan, Osborn, 03]. Solutions in odd dimension are not
known.
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The large d limit

Consider the change of variables [Fitzpatrick, Kaplan, Poland, 13]:

SNCEVOE
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The large d limit

Consider the change of variables [Fitzpatrick, Kaplan, Poland, 13]:

u

T e
- Ho (y+,y—
For the numerator in Go(y4,y-) = %
_ A-1 A d
Ho(yt,y-) = yfyi F <2,2;1+A—2;y+>
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The large d limit
The equation satisfied by Ho:

2

0
2y3(1— gz vl td =25+ (e £ y-)
+

L0 N _(p,_d=1
2y —)/7)2(y+ - 2)] flo = (Ad 2 ) flo
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The large d limit
The equation satisfied by Ho:

2

0
2y3(1— gz vl td =25+ (e £ y-)
+

Y+Y- d—1
-7y —|—y_—2]Ho:</\ —>HO
2(y4 — yf)2( i ) T2
Generalizing to a, b # 0, this is:
5 0? 0
2y3(1— y+)872 —yi(yy +d— 2)7 + (y+ € y-)

Yi Oy
e VYHY— VY-
——2 _(yi 4y —2)—dab T T
2yy —y PO YA A
VY+Y- < d >
+2(a+b)——— (2y: (1 —y ) — — (y+ & y—
( )y vy +( +)8y+ (v+ )
Yiy—
+2(a+ b) o (v — vy — v+ y2)

Y+ —y-)
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The highly disparate limit
The blocks cease to depend on a and b when the dimension is
large. What about a and / or b large?
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The highly disparate limit
The blocks cease to depend on a and b when the dimension is

large. What about a and / or b large? First two terms of a series
ina~1 [B, 14]:

. B 1 xbzb
olx,2) = o (1 —x)ath(1 — z)a+b

[1+2la(7—i—i)(/\d—b(2b—d))+...
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The highly disparate limit
The blocks cease to depend on a and b when the dimension is
large. What about a and / or b large? First two terms of a series
ina~1 [B, 14]:
1 xbzb
a>\1+)\2—2b (1 _ X)a+b(1 _ Z)a+b

[1+21a(fy—)l<—i>(/\d—b(2b—d))+

Go(x, z)

Acting with Dy:

1 b_b
DyGo(x,z) = i

45 A1+ Ae—2b+1 (1 — x)2+b(1 — z)a+b

(7= 2= 2) s biab - )
1 xbzb 1
M gM1t+A—2b (l — x)a+b(1 )a+b (1 + O(a_ ))

= /\dG(Q(X,Z) (1 + O ))
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The highly disparate limit

Main result is

@ . (@) v2212 uy 38
Gpp(u, viDr2, Azg) = ALTL N | A—Da (;)
2812
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The highly disparate limit

Main result is

1

7A12 lA
(d) : _ (d) v2 uy 2=
Gpp(uyviDiz, Baa) = Cpp—axy,
2812

To expand the exact solutions, use

1 1
2F1(a, bv C;X) = B(bc—b)/o tb_l(l — t)c_b_l(l — tX)_adt
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The highly disparate limit

Main result is

1 1
(@), _cl vt (et
Gpp(u, viDr2, Azg) = CA,Zm (;)
2812

To expand the exact solutions, use

1 1
2F1(a, bv C;X) = B(b(_‘—b)/o tb_l(l — t)c_b_l(l — tX)_adt

They show agreement with
d c(d
r2A)r(2x2)
r(/\1+b)r(>\2+b)

2
F(2X\1)r(2x—2
4 Féx\(ﬁtl)grEA;—lJr)b) (AM+X—2)
6

rex)r(2X,—4
r(A(1+égr(A232+)b) A+ 2 =3)(A+ X —4)
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The constant

Can we prove this?

@ _ Fr@yn+2-d) T+ x-%32)
A1, A2 F()\1+b)r()\1+)\2+2—d)r()\2+b_%)
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The constant

Can we prove this?

C(d) _ I'(2)\1)F(2)\2 +2— d)

r (>\1 + A2 — %)
A2 FA+b)T(A+X2+2—4d)

O+ b-%2)

For spin zero [Dolan, Osborn, 00] there is a double power series

G/g:j)?(u,v) _ i (A—a)m (d = b)m (A + @) min(A+ b)min

m,n=0 (2)‘ T)m (2)\)2m+n




Context Exact Expressions Asymptotic Expressions Other Stuff
00000 000 00000e0 000

The constant

Next step is using a recurrence relation from [Dolan, Osborn, 11],
AG)\1,>\2 = BG)\1—1,>\2+1 + CG>\17/\2+1 =+ DG)\1,>\2+2-
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The constant

Next step is using a recurrence relation from [Dolan, Osborn, 11],
AGy \, = BGy—10,+1 + CGyy pp41 + DGy x40

()\1+)\2—6)()\1 — > — 1+28)

A= M—do—1+e
B — 8(2A1—1)
A=A —1+¢
D — _()\1+)\2)()\1+/\2—25)(>\1+)\2+1—26)
()\1+/\2—€)()\1+)\2+1—€)
(A24+1—-¢)?=2a%)((M2+1—¢)?—b?)
A4 Ay +1—e)2(4(N+1—-¢)2-1)
I d—2

2
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The constant

1 1
2C = (>\1+A2—2€)<X+Z—1

ab )\1()\1 — 1) + ()\2 + 1)()\2 — 28) + 2¢
2 M=) +1-¢)(A2—o) )

1 x—z( , 02 5 0
Mo w—1 [ xz <X (1=x)g2 =% ax_(“_”)>
+ib(A1 — Ay — 1)(/\1 — A —1+ 26)()\1 + )\2)()\1 + Ao — 28):|
2 )\1()\1 — 1)()\2 +1-— 6)()\2 — 6)




Asymptotic Expressions
0O00000e

The constant

1 1
2C = (>\1+A2—2€)<X+Z—1

ab )\1()\1 — 1) + ()\2 + 1)()\2 — 28) + 2¢
2 M=) +1-¢)(A2—o) )

1 x—z( , 02 5 0
Mo w—1 [ xz <X (1=x)g2 =% ax_(“_”)>
+ib(A1 — Ay — 1)(/\1 — A —1+ 26)()\1 + )\2)()\1 + Ao — 28):|
2 )\1()\1 — 1)()\2 +1-— 6)()\2 — 6)

We know the spacetime dependence of the asymptotic blocks so it
suffices to consider the diagonal limit x = z [Hogervorst, Osborn,
Rychkov, 13].
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The constant

1 1
2C = (>\1+A2—2€)<X+Z—1

ab )\1()\1 — 1) + ()\2 + 1)()\2 — 28) + 2¢
2 M=) +1-¢)(A2—o) )

1 x—z( , 02 5 0
Mo w—1 [ xz <X (1=x)g2 =% ax_(“_”)>
+ib(A1 — Ay — 1)(/\1 — A —1+ 26)()\1 + )\2)()\1 + Ao — 28):|
2 )\1()\1 — 1)()\2 +1-— 6)()\2 — 6)

We know the spacetime dependence of the asymptotic blocks so it
suffices to consider the diagonal limit x = z [Hogervorst, Osborn,
Rychkov, 13]. This confirms our guess [B, 14].
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Convergence

Does the sum

G(u,v) = Z A120A340 Go(u, v)
o

still converge with the asymptotic form of Go(u, v)?
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Convergence

Does the sum

G(u,v) = Z A120A340 Go(u, v)
o

still converge with the asymptotic form of Go(u, v)?

The coefficient is important for this [Pappadopulo, Rychkov, Espin,
Rattazzi, 12].

Term | Asymptotic to

d—1

)\,’j@ exp (—A d

a?b—A exp(—A)

(d) r(A)?
Co F((A ;)2
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Convergence

Does the sum

G(u,v) = Z A120A340 Go(u, v)

still converge with the asymptotic form of Go(u, v)?
The coefficient is important for this [Pappadopulo, Rychkov, Espin,

Rattazzi, 12].
Term | Asymptotic to
)\,’j(') exp (—A%
a?b—A exp(—A)
cld) ray
14) T(A/2)2

No convergence, so using the first
few terms (A < |Aqz]) is risky.
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Spinning case
For non-scalar (O1(x1)O2(x2)O3(x3)Oa(xa)), the spinning
conformal blocks are only known in d = 2 [Osborn, 12].



Context Exact Expressions Asymptotic Expressions Other Stuff
00000 000 0000000 oeo

Spinning case
For non-scalar (O1(x1)O2(x2)O3(x3)Oa(xa)), the spinning
conformal blocks are only known in d = 2 [Osborn, 12].

1 1
2F1 (/\1 - §A12, A1+ §A34; 2)\1;X> —

1 1
2F1 <)\1 — §(A12 + l12), A\ + §(A34 + l34); 2)1; X>

Highly disparate limit applies to this.
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Spinning case
For non-scalar (O1(x1)O2(x2)O3(x3)Oa(xa)), the spinning
conformal blocks are only known in d = 2 [Osborn, 12].

1 1
2F1 (/\1 - §A12, A1+ §A34; 2)\1;X> —

1 1
2F1 <)\1 — §(A12 + l12), A\ + §(A34 + l34); 2)1; X>

Highly disparate limit applies to this.

e In d > 2, O does not need to be in spin-¢ representation. We
have 633 different blocks for

(Tap(x1) Ths(x2) Ty (x3) Tor (X))
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Spinning case
For non-scalar (O1(x1)O2(x2)O3(x3)Oa(xa)), the spinning
conformal blocks are only known in d = 2 [Osborn, 12].

1 1
2F1 (/\1 - §A12, A1+ §A34; 2)\1;X> =
1 1
2F1 <)\1 — §(A12 + l12), A\ + §(A34 + l34); 2)1; X>

Highly disparate limit applies to this.
e In d > 2, O does not need to be in spin-¢ representation. We
have 633 different blocks for
(Tap(x1) Tys(x2) Tuw (x3) Tor (xa)).-
e There are five differential operators [Costa, Penedones,
Poland, Rychkov, 11] that must be applied in various orders
to the non-spinning blocks.
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Spinning case
For non-scalar (O1(x1)O2(x2)O3(x3)Oa(xa)), the spinning
conformal blocks are only known in d = 2 [Osborn, 12].

1 1
2F1 (/\1 - §A12, A1+ §A34; 2)\1;X> =
1 1
2F1 <)\1 — §(A12 + l12), A\ + §(A34 + l34); 2)1; X>

Highly disparate limit applies to this.

e In d > 2, O does not need to be in spin-¢ representation. We
have 633 different blocks for
(Tap(x1) Tha(x2) Ty (x3) Tor (xa))-

e There are five differential operators [Costa, Penedones,
Poland, Rychkov, 11] that must be applied in various orders
to the non-spinning blocks.

e There is always one combination where this is pure
multiplication. Large-a and large-d limits still apply.
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Future ideas

Check the approximation by performing a large-a bootstrap in
d=2ord=>4.

Take large-a or large-d limits of specific spinning conformal
blocks and look for patterns.

Perhaps large-f15 limit is possible too.
Analyze the Casimir differential equation for nonzero spin.
Shadows? Ward identities? Mellin space?
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Future ideas

Check the approximation by performing a large-a bootstrap in
d=2ord=>4.

Take large-a or large-d limits of specific spinning conformal
blocks and look for patterns.

Perhaps large-f15 limit is possible too.

Analyze the Casimir differential equation for nonzero spin.
e Shadows? Ward identities? Mellin space?

Thanks for listening!
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