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Allowed points can be deformed by oy for any
% < A\ < d— Aj (cB Rastelli, Rychkov, Zan; 1703.05325) .

= form=3,4,...



Non-unitarity is not always fatal

Along the upper bound, o = ¢(12), € = ¢(1,3) leads to

1

regardless of whether m € Z or m € R. Null states in V{, ;) lead to

n+mrn—1 si1+s—1

¢(r1,51) X g{)(r2752) = Z Z qz5(f3753) =

r3:‘r1—r2‘-|—1 53:|51—52|+1

generalized minimal model (zamolodchikov; 05] [Ribault; 1406.4200] . Decompose

|22 ($(1,2)(0)P1.2) (2, 2)b1.2) (1) B(1,2)(o0)) Z AoGa iz, 2)

(@]

and observe positivity [Liendo, Rastelli, van Rees; 1210.4258] .
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= Ising island from (coo0), (eeee), (ooee)
% System in 3D [Kos, Poland, Simmons-Duffin; 1406.4858] .
What about € ¢ € x €7
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Single correlator 2D Ising kink sharpens
if next even scalar starts at A =3

[Rychkov; 1111.2115] .

Ising island from (coo0), (eeee), (ooee)
System in 3D [Kos, Poland, Simmons-Duffin; 1406.4858] .
What about € ¢ € x €7

Repeating this for 2D Ising seems to
require a spin-2 gap of ~ 1 above T,
[de la Fuente; 1905.09801] .



Expanding the higher correlators

For 3 < m < 4, negative coefficients appear in a single OPE.

b1.3) X P3) = Pa,1) + Pa3) + P15

Finding operators to replace ¢(;5) is a single correlator problem.

eeiee
Z)\6€OFA 2
S )
_ 1,1) (1,1) peeee
T= Z Cn I:nJrn|n Al
n,n=0
(1,3) 1 3) €€;€e€
C
(1,3)(1,3) Ac+n+a,|n—n|

n,ni=0

Interestingly C((1135))(1 3) < 0 even at m =3 = Log-CFT?
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Non-unitary CFT on lower bound with A, = %Aa was constructed
IN [Esterlis, Fitzpatrick, Ramirez; 1606.07458] .
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Non-unitary CFT on lower bound with A, = %Aa was constructed
IN [Esterlis, Fitzpatrick, Ramirez; 1606.07458] . Difficulty of solving for ¢,, ¢; depends
on the correlator.




The lower bound

Correlator is a single Virasoro block.

21287 (0(0)o(2, 2)o(1)o(c0)) = g(2)g(2)

g(z) = 238 (1 - 2)734
Consider V,, = e/®® with background charge of 2aq.

T(z) = T(2) + iapd?¢(2)
c—1—2403
ha — ala — 2ap)

If 0 = Vag Vag, we can skip inserting
2 2

Qi ~ f{ )



Ways to compute the expansion
1. Brute force:

1 /1 2 n
g(z) :Zﬁ <3Aa> AGJF _chng +n
n=0

Comparing Taylor to block expansion recursively fixes cp,.
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n=0

Comparing Taylor to block expansion recursively fixes cp,.

2. Lorentzian inversion [Caron-Huot; 1703.00278] :
A,
aDisc(2)a(2)] = 25i0° (757 ) e(2)e(2)

Integral to compute c(A,¢) factors and the residues are ¢,cpis.



Ways to compute the expansion
1. Brute force:

1 /1 2 n
g(z) = Z Tl <3AJ> 3Botn — chng +n )
n=0

Comparing Taylor to block expansion recursively fixes cp,.

2. Lorentzian inversion [Caron-Huot; 1703.00278] :
A,
aDisc(2)a(2)] = 25i0° (757 ) e(2)e(2)

Integral to compute c(A,¢) factors and the residues are ¢,cpis.

3. Compute spectral density for each half [Hogervorst, van Rees; 1702.08471]

1
dz 1 1 z—1

A — = - Z_al

&(a) /szzg(z)z 1(2-1-04,2 ali— )

Shows that ¢, is a 3F> function.




Proving positivity

Coefficients in

_n>2p+n_]—7p_q 0,0
P, ,1 )
(2p+n—1),° 2 p.p Epn(2)

are continuous Hahn polynomials satisfying a 3-term recursion.

1 3(2n —1)(Ay + 30 — 3) 1
P: n _*Ao— = P: n— _*AU
2 ( 3 ) (20, +3n—3)(28,+6n—3) "2\ 3

Could also use Watson's theorem when p = 2q.

a=b 1 ()
15b +C)

] L34, ] - TAEE G o
a 1 ' - a —a
T2 LRt + or(y?




Generalized minimal models

For all m, (¢(,)...) obeys a PDE in the cross-ratios of order rs.
Series around z = 0 fixed by Frobenius method with known h.

G(z) =z [1+b12—|—b222+...].

Take diagonal linear combination with [potsenko, Fateev; 85] coefficients.



Generalized minimal models
For all m, (¢(,)...) obeys a PDE in the cross-ratios of order rs.
Series around z = 0 fixed by Frobenius method with known h.
G(z) =z [1—|—b12+b222+...} .
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Generalized minimal models

For all m, (¢(,)...) obeys a PDE in the cross-ratios of order rs.
Series around z = 0 fixed by Frobenius method with known h.

G(z) =z [1+b12—|—b222+...].

Take diagonal linear combination with [potsenko, Fateev; 85] coefficients.
In second order case,

oooo — 1_2Ag‘ 2—4Ag
GiM)(z) =(1-2) BoyFy <2Aa, 3 3 ;z>

oooo Li44g _ 172Aﬂ 2+2Az7 4+4A{T
GiR(z2) =25 (1-2) A"2/'_1< 5 ' 3 ' 3 ;z)

yielding ¢, as a hard sum of 3F,s. Instead use

oooo 1+Ag.5*4A0_1 22
Ga1y’ (2) = 2R (Am 3 ' 6 ,42_1>

cooo 1+4A, _l44bg 1+2A, 1-2A, 7T+4A, 1 z?
G (z)=z 3 (1-2) = 2F1( T 6 6 .42_1>

yielding ¢, as an easy sum of 3F;s.



Results

Coefficients are Wilson polynomials

(1) _ (4= T AL+ D) [ 1-nnt 1o A, P
2~ \2n-1 547, *° 1,2, 1=t ,
—np =1 (14440, )2 _ B
C(173)— 47"l (T)n F- 7”’%+”;Ao’+%vl %Aa -1
2n (A48 4 1) 4F3 1440, 1440, T+4D, ;
3 2/)n 6 ° 6 ° 6

obeying a 3-term recursion = positivity proof.



Results

Coefficients are Wilson polynomials

an—2\ A (1+ A, - 1q_ 4+A,
(a1 _ (4n Bo(14+A,) p [ 1=nntd 1B, e

2n—1 5—-4A, 1,2, 11=480

—n -1 (144042 _ B
B G ) P B e e
2n (H28e 1 1) 4f3 1440, 144D, T+4D, ;

3 2/n 6 ’ 6 ) 6

obeying a 3-term recursion = positivity proof.
Solution for (eeee) still relies on brute force.
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Next target

2.0f

05¢

0.0 0.1 0.2 03 0.4

By

2D S3 bootstrap knows about W3 minimal models (Rong, su; 1712.00085] .
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2D S3 bootstrap knows about W3 minimal models (Rong, su; 1712.00085] .
Null state conditions reviewed in [Fateev, Litvinov; 0709.3806] .



A better Frobenius method

The key identity is

_ h, h —
foq(z) = 2" p2F1< oh 9 ;Z>

L hoal2) = (= P)fps1(2)

1
+ 12 (h+ a)for1,g+1(2) — (h+ @) fpr1,4(2) + hfpq(2)] -

Differentiated block f, 4 expands into finitely many blocks.

cn = A(n)cp—1 + B(n)ch—2 + C(n)cp—3 =
Cn > AN(")Cn—l + é(n)cn—z?

A single recursion might enable more positivity proofs.



